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I. INTRODUCTION
T HE generation of high-frequency electromagnetic oscillations by means of a conversion of a low-frequency oscillation is widely used in electronics. The frequency multiplication and the parametric frequency transformation are well-known examples of such an approach. However, these and other similar solutions are a priori based on the use of nonlinear elements or media for the frequency conversion. This complicates practical realizations of the known frequency conversion schemes with increasing the required output frequency.
In this brief, we demonstrate that the generation of electromagnetic oscillations is possible by using a system of asymmetrically coupled linear oscillators, in which the coupling coefficient is modulated in time at a frequency that is significantly lower than the natural frequencies of the oscillators. The electromagnetic oscillations are excited at the frequencies that are close to the natural frequencies of this system. Obviously, the use of only linear oscillators simplifies practical realizations of such generators.
It should be also noted that the existence of the corresponding instability in asymmetrically coupled linear oscillators has been indicated only in mechanics [1] . However, so far, this instability has not been studied in detail for mechanical or electronic applications.
In Section II, we develop a theory of such instability for dissipative oscillators that enables us to adequately characterize practical electronic systems based on tuned RLC circuits or cavities. The mechanism of the excitation of high-frequency oscillations is described in terms of so-called second-order [6] .
Results of the corresponding experimental study are described in Section III. Coupled tuned RLC circuits made of lumped elements have been used in the experiments. The natural frequencies of the oscillators and, consequently, the frequencies of the output oscillations are around 20 MHz. A stable high-frequency excitation has been observed starting from the modulation frequency of about 0.4 MHz. A comparison of the theoretical and experimental data is presented in this section as well. Section IV contains discussions and the conclusion.
II. THEORY
The dynamics of two coupled linear oscillators is described by the following set of ordinary differential equations for normalized coordinates x 1 and x 2 :
where j = 1 if k = 2, and j = 2 if k = 1, δ k are the damping coefficients, ν k are the partial frequencies, and μ k (t) are the coupling coefficients. Such a set of equations is widely used to describe the behavior of coupled tuned RLC circuits, microwave cavities, and other coupled resonant circuits [1] , [7] , [8] .
It is well known that in the case of lossless oscillators (δ 1 = δ 2 = 0) and constant coupling (μ 1 (t) = μ 01 = const, μ 2 (t) = μ 02 = const), the coupled oscillators (1) are characterized by the following natural frequencies:
For our study, it is important that frequencies ω 1 and ω 2 are different even in the case of identical oscillators: ν 1 = ν 2 and
In order to determine other properties of the set (1), we introduce new variables, i.e.,
and rewrite equations (1) in the form
where
. For simplicity, we suppose here that
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The above equations can be further simplified by assuming a small coupling between the oscillators, which allows for applying the method of averaging [9] . According to this method, we introduce complex amplitudes B k (t) (k = 1, 2),which are related with z k (t) as
where i = √ −1. The corresponding set of the averaged equations is
where, similar to (1) and (3), j = 1 if k = 2, and j = 2 if k = 1. By using the above equations, it is easy to find that
From (7), we note that if the coupling between the oscillators is symmetrical (μ 1 (t) = μ 2 (t)), then
Since
proportional to the energy stored in the oscillators, we can conclude from (7) and (8) that symmetric coupling prevents an energy increase in the oscillators for any coupling modulation. It is also possible to prove that such a conclusion is valid for an arbitrary number of nonidentical oscillators.
Hence, we can expect an excitation of high-frequency oscillations only if μ 1 (t) = μ 2 (t). For simplicity, we consider asymmetric coupling between the oscillators when one of the coefficients (μ 1 ) is harmonically varying in time and the second one is constant, i.e.,
Here, m is the modulation coefficient, and Ω is the frequency of the modulation, which is much lower than the natural frequencies. Now, we rewrite the set of (6) as a second-order differential equation, i.e.,
Thus, we have got a Mathieu-type equation, whose properties are well known. In particular, provided the modulation coefficient m is small and the following resonant condition holds:
An analytical solution of such equation was, for example, found in [5] , [10] , and [11] . In particular, if Ω is equal to √ μ 01 μ 02 /ν, the amplitude B 2 is growing up in time with a maximum increment as
Taking into account the relation of amplitude B 2 with initial coordinates x 1 and x 2 [see (3) and (5)], we find that
Thus, the excitation of high-frequency oscillations takes place only if the following threshold condition is fulfilled:
and the increment (α) of the oscillation buildup is
In order to better appreciate conditions (11) and (14), we note that according to (2) for a small coupling between the oscillators, the difference of the natural frequencies (Δω
and instead of (11) we have
Thus, for the excitation of high-frequency oscillations, the frequency of the modulation should be approximately equal to the difference between the natural frequencies of the oscillators. This is also the condition for the existence of the secondary resonance in system (1).
By using (16) and (17), the threshold condition (14) can be written in a more practical form as
where Q ≡ ν/δ is the quality factor of the oscillators. The obtained criteria for the onset of the generation coincide rather well with those following from computer simulations and experiments. Let us, at first, consider the results of numerical studies of (1). In Fig. 1 , a bifurcation diagram of this set of equations is plotted on the parameter plane of the frequency of modulation versus the coefficient of the modulation for different values of the coupling coefficients (μ 01 = μ 02 ≡ μ 0 ). Note that, in the simulation, we put ν = 1. The corresponding values of the difference frequency Δω are indicated by arrows. It is seen that the minimum threshold for the generation in terms of the modulation coefficient is realized if condition (14) is conserved. The minimum threshold value of m in Fig. 1 coincides also with the value determined by (14) .
The time evolution of the oscillations in the system is illustrated in Fig. 2 for the parameters shown in Fig. 1 , Ω = 0.04 and m = 0.6. The intensity of the excited oscillations grows exponentially. There is no saturation of the intensity since (1) does not include the nonlinearity that can be responsible for the intensity saturation. Dissipative nonlinearity, anharmonizm of the oscillators, or limiting power of the pumping oscillator can lead to the saturation of the intensity in the practical realization of such generator. In Fig. 2 , we note that the excited oscillation is modulated. This modulation takes place at the frequency Δω. This is the manifestation of the fact that a two-frequency oscillation is excited with the frequencies close to the natural frequencies ω 1 and ω 2 . Since |ω 1 − ω 2 | ω 1 , ω 2 , the superposition of the oscillations results in the observed modulation (beating).
III. EXPERIMENT
A block diagram of a generator that can produce electromagnetic oscillations in accordance with the above-described mechanism is shown in Fig. 3 . It consists of two resonant circuits (1) with equal resonant (partial) frequencies and two coupling paths connecting the circuits. Each path contains coupling elements (2) and an isolator (3). A low-frequency modulator (4) is included in one of the paths. The frequency of generation is close to the resonant frequency of the resonant circuits. Therefore, the appropriate type of the resonant circuit should be selected for each particular frequency band, for example, a tuned RLC circuit for radio frequencies, cavity or dielectric resonator for microwaves, and so on. There are standard coupling elements, isolators, and modulators for each particular frequency bands. Such generators can be produced from on-the-shelf components for up to the optical frequency band.
The required modulation frequency is determined by the coupling coefficients of the coupling paths [see (11) ]. In experiments, this frequency is easily evaluated from the frequency response curve of the coupled circuits, when the modulation is not applied. The curve has peaks on the natural frequencies and the distance between the peaks shows the required modulation frequency Ω. Lowering of the Ω value with decreasing of the coupling leads to growing of the required modulation coefficient m (pumping power) to excite the oscillation [see (14) ]. To have a low value of m, the modulation frequency should be of the order of the bandwidth of the resonant circuit ν/Q [see (18)]. Thus, the minimum possible value of Ω is by factor Q lower than the frequency of the output oscillation. Now, let us consider an example of the realization of such generator. For the first demonstration of the feasibility of the proposed generation mechanism, we used two coupled tuned RLC circuits, indicated as L1, C1 and L2, C2 in Fig. 4 . The partial frequencies of the circuits were equal to 19.935 MHz, and the Q-factors of the unloaded first and second circuits were 200 and 220, respectively. A coupling path between the first (L1, C1) and the second (L2, C2) circuits is provided by using a capacitor coupler (Cd1, Cd2, Cd3), a buffer circuit, and a modulator. The buffer circuit, realized on IC AD8009, acts as the isolator with the transfer coefficient of 0 and −20 dB in the forward and reverse directions, respectively.
The modulator based on the FET BF998 is introduced to provide the modulation on a low frequency. The modulator is driven by an external oscillator.
The coupling from the second to the first RLC circuit is implemented in the same manner, but the modulator is not introduced here. We measured the natural frequencies of the coupled circuits when the modulation was not applied. These frequencies are 19.656 and 20.214 MHz. For symmetrical and constant coupling (μ 01 = μ 02 ≡ μ 0 ) and for the indicated value of ν, it gives μ 0 /v 2 = 0.029. Such value of the coupling coefficients follows also from the characteristics of the capacitor dividers used in the experimental setup in Fig. 4 .
A comparison of the experimental and theoretical bifurcation diagrams is given in Fig. 5 . In the experiment, the minimum modulation coefficient for the generation onset has been reached at the modulation frequency of about 0.58 MHz, which is rather close to the measured value of Δω. There are no regular oscillations below the boundary indicated in Fig. 5 ; therefore, the excited oscillations cannot be attributed to high harmonics of the modulation.
A typical waveform and the spectrum of the output oscillation are shown in Figs. 6 and 7, respectively. There are two intensive spectral components in the spectrum at frequencies close to the natural frequencies indicated above. The superposition of such harmonic components results in the modulation of the output oscillation envelope, as shown in Fig. 6 . The output power in our experiment is limited by the power of the lowfrequency oscillator used for the modulation.
The experimental results completely confirm the results following from the presented theoretical study.
IV. DISCUSSIONS AND CONCLUSION
The described mechanism of the generation of highfrequency oscillations can be explained by using an energy diagram as shown in Fig. 8 . There are two energy levels ω 1 and ω 2 that are determined by the natural frequencies of the coupled RLC circuits. The width of the levels are, respectively, ω 1 /Q 1 and ω 2 /Q 2 , where Q 1 and Q 2 are quality factors of the circuits. When the pumping with the energy Ω is applied, the transition
occurs leading to increasing the population of the higher-lying level. Next, since there is a coupling between the higher-lying and the lower-lying level, the transition
also takes place. This process is accompanied by the radiation of the frequency ω 1 − ω 2 . However, the most important is that due to (20), a feedback is realized in the system leading to a self-excitation of high-frequency oscillations.
Next, since the coupling between the RLC circuits is asymmetrical, there is always a population inversion of the levels, i.e., what is most important for supporting processes (19) and (20) . The population of the levels is saturated due to a nonlinear effect.
When a load is connected, the system produces output radiations at frequencies ω 1 and ω 2 and their combinations, which is also seen from the spectrum of the output oscillation in Fig. 7 .
We have experimentally demonstrated the feasibility of the suggested excitation mechanism by using conventional lumped electronic components. It has allowed us to excite oscillations at frequencies around 20 MHz by the external pumping at the frequency of 0.58 MHz. Such realization is convenient from the point of view of reliable and detailed comparison of the experimental data and the theoretical results.
The proposed method for generating electromagnetic oscillations is very simple since it does not require sophisticated nonlinear elements or media for its realization. Therefore, this mechanism is particularly interesting for the development of generators at much higher frequencies. At microwaves or higher frequencies, the proposed generators can be realized by using two coupled high-Q resonators with modulated coupling. Another possible solution can be based on using two coupled modes of a single resonator. To realize an asymmetrical coupling, various nonreciprocal devices with modulation capabilities developed up to the optical bands [12] - [14] can be used. The modulation frequency should be by factor Q lower than the partial frequency of the interacting modes. A mixer instead of an amplitude modulator can be also used to provide the required low-frequency pumping.
Peculiarities of the realization of such generators at microwaves will be addressed in the next brief.
